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Abstract

A coordinate transformation and the spline alternating-direction implicit method are applied to study the mixed convection bound
flow along an inclined wavy plate in the presence of a transverse magnetic field. A numerical solution of the transformed bound
equation has been carried out for different values of magnetic field, buoyancy, wavy geometry and material parameters. Results d
that the heat transfer rate and the skin-friction coefficient increase with the inclined angle. As the Prandtl number increases, the he
rate and its amplitude will increase, but the skin-friction coefficient and its amplitude will decrease. The action of the magnetic field
accelerate the flow near the leading edge of the wavy surface and decelerate the flow far downstream of the leading edge. Howev
mixed convection heat flux along a wavy plate is higher than that of a flat plate under all circumstances.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

The laminar mixed convection along a vertical plate [1
or a horizontal plate [3,4] has been presented by many
vestigators because of its considerable practical applicat
In the other hand, few studies have been carried out to
amine the effect of geometric complexity, such as irregu
surfaces, on the convection heat transfer. That is bec
complicated boundary conditions or external flow fields
difficult to deal with. However, the prediction of heat tran
fer from an irregular surface is of fundamental importan
and is encountered in several heat transfer devices,
as flat-plate solar collectors and flat-plate condensers in
frigerators. Irregularities frequently occur in the process

✩ A preliminary version of this paper was presented at CHT-04:
ICHMT International Symposium on Advances in Computational H
Transfer, April 2004, G. de Vahl Davis and E. Leonardi (Eds.), CD-RO
Proceedings, ISBN 1-5670-174-2, Begell House, New York, 2004.
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manufacture. Moreover, surfaces are sometimes inten
ally roughened to enhance heat transfer because tha
presence of rough surfaces disturbs the flow and alters
heat transfer rate. There now follows a discussion of rese
performed on some irregular surfaces.

The natural convection heat transfers from vertical w
surfaces, such as sinusoidal surfaces, have been studi
Yao [5], Moulic and Yao [6], Rees and Pop [7], Pop a
Na [8]. They solved the transformation boundary layer eq
tions of the natural convection in Newtonian fluids by
numerical finite difference method. Results show that
local heat transfer rate varies periodically along the w
surface, with a frequency equal to twice the frequency
the wavy surface. Later, Chiu and Chou [9] and Kim [1
performed a further study on the same geometry for mic
olar fluids and non-Newtonian fluids. They found that
mean heat transfer rate and mean skin-friction coeffic
are different to Newtonian fluids, but both frequencies
similar to the result of Newtonian fluids. On the other ha

these investigations into forced and mixed convection along
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Nomenclature

a amplitude of wavy surface
Cf skin-friction coefficient
Cp specific heat of the fluid at constant pressure
g gravitational acceleration
Gr Grashof number
h heat transfer coefficient
Kf thermal conductivity
L characteristic length
Mn magnetic parameter
Nux local Nusselt number
Num mean Nusselt number
p pressure
Pr Prandtl number
Re generalized Reynolds number
Ri Richardson number
S(x) surface geometry function
Uw x component of the velocity of the inviscid flow,

evaluated at the wavy surface
T temperature
u,v x anyy component of velocity, respectively

x, y coordinates

Greek symbols

α wavy amplitude-wavelength ratio
φ angle of inclination from horizontal
σ distance measured along the surface from

the leading edge
θ dimensionless temperature
µ dynamic viscosity
ρ density of fluid
η coordinate
ψ stream function

Subscripts

w wall surface
∞ free stream condition

Superscripts

� dimensional variables
,̃̂ dimensionless quantities

′ derivative with respect tox
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a wavy surface were carried out by Moulic and Yao [1
and Pop and Nakamura [12]. Moulic and Yao [11] propo
a simple transformation to study the mixed convection h
transfer from isothermal vertical wavy surfaces. Number
sults showed that the axial distribution of the local Nus
number shows a mixture of two harmonics. The amplitu
of the first harmonic is proportional to that of the wavy s
face, and the natural-convection component is the sec
harmonic, with a frequency twice that of the wavy surfa
Later, Pop and Nakamura [12] investigated the forced c
vection boundary layer flow of power-law fluids over wa
surfaces. They found that the skin-friction coefficient d
creased with the power-law index. Furthermore, the rise
fall of the skin-friction coefficient is seen to follow chang
of the surface contour.

Most of the previous studies considered only a flat p
or simple two-dimensional bodies, and few have been d
on vertical wavy surfaces. Mixed convection along an
clined irregular surface imposed on a magnetic field has
been studied so far. The action of a magnetic field on
fluid has many practical applications, e.g., metals proc
ing industry, including the control of liquid metals in co
tinuous casting processes, plasma welding, nuclear ind
and many others. Some problems of MHD mixed conv
tion flow over a flat plate have been studied by Ibrahim
Hady [13] and Mohammadein and Gorla [14]. In this stud
simple coordinate transformation is employed to transfor
complex wavy surface to a flat plate, and the obtained bou
ary layer equations are then solved by the spline alterna
direction implicit method. The effects of the magnetic fie

parameter, the amplitude-wavelength ratio, the angle of in-
clination from horizontal, the Richardson number, the pa
meterRi/Re1/2 and the Prandtl number on the skin-frictio
coefficient and the Nusselt number have been examine
detail.

2. Mathematical formulation

Consider a stagnant, semi-infinite symmetric body w
a wavy surface and a cusped leading edge as show
Fig. 1. The axis of symmetry is aligned with the oncom
uniform stream. The wavy surface is described byS(x̄) =
ā sin2(πx̄/L), whereā is the amplitude of the wavy surfac
The temperature of the wavy surface is held at a cons
valueTw, which is higher than the ambient temperatureT∞.
The electrically conducting fluids are assumed to be N
tonian fluids with constant fluid properties, except for
density in the buoyancy force term (i.e., Boussinesq app
imation). Moreover, the flow is considered to be lamin
incompressible, steady and two-dimensional. Viscous d
pation is neglected for it has negligible effect. A magne
field with a constant magnetic flux density,B0, is applied.
In magneto fluid mechanics, fluid motion is governed
the laws of conservation of mass, momentum and ene
The equations of continuity and energy remain unchan
The momentum is modified from Maxwell’s field equati
and Ohm’s law. Since the above assumptions are desi
to keep the theoretical model as simple as possible, the
erning equations may be written in the following form

∂ū ∂v̄
∂x̄
+

∂ȳ
= 0 (1)
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(
ū

∂ū

∂x̄
+ v̄

∂ū

∂ȳ

)
= −∂p̄

∂x̄
+ µ

(
∂2ū

∂x̄2
+ ∂2ū

∂ȳ2

)

+ ρgβ

(
(T − T∞)sinφ + ∂

∂x̄

∞∫
ȳ

(T − T∞)cosφ dȳ

)

− σB2
0ū (2)

ρ

(
ū

∂v̄

∂x̄
+ v̄

∂v̄

∂ȳ

)
= −∂p̄

∂ȳ
+ µ

(
∂2v̄

∂x̄2
+ ∂2v̄

∂ȳ2

)
+ ρgβ(T − T∞)cosφ (3)

ρCp

(
ū

∂T

∂x̄
+ v̄

∂T

∂ȳ

)
= Kf

(
∂2T

∂x̄2
+ ∂2T

∂ȳ2

)
(4)

The boundary conditions are

(a) On the wavy surface,̄y = �S(x̄)

T = Tw, ū = v̄ = 0 (5)

(b) Matching with the free stream,ȳ → ∞
T → T∞, ū → �Uw(x̄), p̄ → p̄∞(x̄) (6)

Here ū and v̄ are the components of the velocity alo
the x̄ andȳ directions.T andp̄ are the temperature and th
pressure.ρ,µ andβ are the density, viscosity and therm
expansion coefficient of the fluid.Kf andCp are the ther-
mal conductivity and the specific heat of the fluid at cons
pressure.�Uw(x̄) is thex̄ component of the inviscid velocit
at the free surfacēy = �S(x̄).

The dimensionless variables are defined as

x̃ = x̄

L
, ỹ = ȳ

L
, α = ā

L
, S(x̃) = �S(x̄)

L

ũ = ū

U∞
, ṽ = v̄

U∞
, θ = T − T∞

Tw − T∞

Uw = �Uw

U∞
, p̃ = p̄

ρU2∞

Re= ρU∞L

µ
, Gr = gβ(Tw − T∞)ρ2L3

µ2
, Ri = Gr

Re2

Pr = µCp

Kf

, Mn = σLB2
0

ρU∞
(7)

Here U∞ is the free stream velocity. Substituting (7) in
Eqs. (1)–(4) gives

∂ũ

∂x̃
+ ∂ṽ

∂ỹ
= 0 (8)

ũ
∂ũ

∂x̃
+ ṽ

∂ũ

∂ỹ

∂p̃ 1
(

∂2ũ ∂2ũ
)

= −
∂x̃

+
Re ∂x̃2

+
∂ỹ2
+ Ri

(
θ sinφ + ∂

∂x̃

∞∫
ȳ

θ cosφ dỹ

)
− Mnũ (9)

ũ
∂ṽ

∂x̃
+ ṽ

∂ṽ

∂ỹ
= −∂p̃

∂ỹ
+ 1

Re

(
∂2ū

∂x̄2
+ ∂2ū

∂ȳ2

)
+ Riθ sinφ (10)

ũ
∂θ

∂x̃
+ ṽ

∂θ

∂ỹ
= 1

Re Pr

(
∂2θ

∂x̃2
+ ∂2θ

∂ỹ2

)
(11)

The first step is to transform the irregular wavy surfa
into a flat surface by using Prandtl’s transposition theo
[15]. The theorem means that the flow is displaced by
amount of the vertical displacement of an irregular solid s
face, and the vertical component of the velocity is adjus
according to the slope of the surface. The form of the bou
ary layer equation is invariant under this transformation,
the surface conditions can be applied to the transformed
surface. This allows the boundary conditions to be easily
corporated into any numerical method. In order to transfo
the above governing equations, the following dimension
quantities are defined.

x̂ = x̃, ŷ = (
ỹ − S(x̃)

)
Re1/2

û = ũ, v̂ = (
ṽ − S′ũ

)
Re1/2, p̂ = p̃ − p̃∞ (12)

Therefore, by substituting Eq. (12) into Eqs. (8)–(11) a
letting Re→ ∞ (boundary layer approximation), the go
erning equations are transformed from an irregular w
surface into a flat surface. The transformed boundary la
equations are given as

∂û

∂x̂
+ ∂v̂

∂ŷ
= 0 (13)

û
∂û

∂x̂
+ v̂

∂û

∂ŷ

= −∂p̂

∂x̂
+ Re1/2S′ ∂p̂

∂ŷ
+ (

1+ S′2)∂2û

∂ŷ2

+ Ri
(
sinφ + S′ cosφ

)
θ

+ Ri√
Re

∞∫
ŷ

∂θ

∂x̂
cosφ dŷ − Mnû (14)

û2S′′ = S′ ∂p̂

∂x̂
− Re1/2(1+ S′2)∂p̂

∂ŷ

+ Ri
(
cosφ − S′ sinφ − S′2 cosφ

)
θ

− Ri√
Re

∞∫
ŷ

∂θ

∂x̂
cosφ dŷ − Mnû (15)

û
∂θ

∂x̂
+ v̂

∂θ

∂ŷ
= 1

Pr

(
1+ S′2)∂2θ

∂ŷ2
(16)

Eq. (15) indicates that the pressure gradient al
y-direction is O(Re−1/2). Therefore, from the inviscid
flow solution, we can express the pressure gradient a
x-direction as
∂p̂ ( ′2) ′ ′ ′′ 2
∂x̂
= − 1+ S UwUw + S S Uw + MnUw (17)
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The transformed momentum Eqs. (14) and (15) can
combined into one equation by eliminating the pressure
dient∂p̂/∂ŷ, and so, we have

û
∂û

∂x̂
+ v̂

∂û

∂ŷ
= 1

1+ S′2

(
−∂p̂

∂x̂
+ Ri

(
sinφ + 2S′2 cosφ

)
θ

+ Ri√
Re

∞∫
ŷ

∂θ

∂x̂
cosφ dŷ − S′S′′û2 − Mnû

)

+ (
1+ S′2)∂2û

∂ŷ2
(18)

In order to remove the singularity atx = 0, Eqs. (13), (16)
and (18) are further transformed by means of the follow
variables

x = x̂, y = ŷ

(
2x̂

Uw

)−1/2

(19)

u = û

Uw

, v = v̂

(
2x̂

Uw

)1/2

(20)

Then Eqs. (13), (16) and (18) are transforms into

2x
∂u

∂x
− y

(
1− x

U ′
w

Uw

)
∂u

∂y
+ ∂v

∂y
+ 2x

U ′
w

Uw

u = 0 (21)

2xu
∂u

∂x
+

[
v − yu

(
1− x

U ′
w

Uw

)]
∂u

∂y

+ 2x
(
u2 − 1

)( S′S′′

1+ S′2 + U ′
w

Uw

)
= 2x

U2
w(1+ S′2)

Ri
(
sinφ + 2S′2 cosφ

)
θ

+ 2x1/2

U
5/2
w (1+ S′2)

Ri√
Re

cosφ

[(
1− x

U ′
w

Uw

)

×
( ∞∫

y

θ dy + yθ

)
+ 2x

∞∫
y

∂θ

∂x
dy

]

+ (
1+ S′2)∂2u

∂y2
+ 2x

Uw(1+ S′2)
Mn(1− u) (22)

2xu
∂θ

∂x
+

[
v − yu

(
1− x

U ′
w

Uw

)]
∂θ

∂y
= 1+ S′2

Pr

∂2θ

∂y2
(23)

The corresponding boundary conditions are

y = 0: θ = 1, u = v = 0

y → ∞: θ → 0, u → 1 (24)

The last step is to obtain the surface velocityUw(x).
Moulic and Yao [11], Pop and Nakamura [12] and Che
and Wang [16] have obtained good results for smaller va
of the amplitude-wavelength ratio (α � 1) by expressing the
stream function as a two-term series. The series solutio

Cheng and Wang [16] can be expanded as
Uw(x) = 1+ α

[
−π cos(2πx) +

∞∫
0

sin(2πt)

x + t
dt

]

+ O
(
α2) (25)

In this present study, for larger amplitude-wavelength ra
the numerical method (SOR) and the transformed coo
nates have been used to solve the potential flow and to
termine the surface velocityUw. Therefore, the streamlin
equation and the transformed coordinates can be writte
following

∂2ψ

∂x̃2
+ ∂2ψ

∂ỹ2
= 0 (26)

x = x̃, η = ỹ − S̃(x̃) (27)

Thus, we can get the transformed equation and the ve
ity Uw(x)

∂2ψ

∂x2
− S′′ ∂ψ

∂η
− 2S′ ∂2ψ

∂x∂η
+ (

1+ S′2)∂2ψ

∂η2
= 0 (28)

Uw = ∂ψ

∂η

∣∣∣
η=0

(29)

Since the flow and the temperature fields are obtain
several important quantities can be calculated as follows

The local Nusselt number is defined as

Nux̄ = hx̄ x̄

Kf

= − ∂T
∂n

x̄

Tw − T∞
(30)

∂T

∂n
=

√(
∂T

∂x̄

)2

+
(

∂T

∂ȳ

)2

(31)

where∂/∂n represents differentiation along the normal
the surface. AsGr/Re2 �= 0 the local Nusselt number can b
expressed as(

4

Grx̄

)1/4

Nux̄

= −
(

Gr

Re2
x

)−1/4

U1/2
w

(
1+ S′2)1/2∂θ

∂y

∣∣∣
y=0

(32)

The total Nusselt number is obtained by averaging
heat transfer flux over the surface from the leading edg
S(x).

Num = hmσ̄ (x̄)

Kf

(33)

where

hm = qm

Tw − T∞
(34)

qm = 1

σ

σ∫
0

−Kf

∂T

∂n
dσ (35)

σ =
x∫ (

1+ S′2)1/2 dx (36)
0
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5)

)

Then the quantity of(4/Grx̄ )1/4Num can be expressed as(
4

Grx̄

)1/4

Num = −
(

Gr

Re2
x

)−1/4(2

x

)1/2 x∫
0

(
Uw

2x

)1/2

× (
1+ S′2)∂θ

∂y

∣∣∣
y=0

dx (37)

The shear force at the surface and the skin-friction c
ficientCf are defined as

τw = µ

(
∂ū

∂ȳ
− ∂v̄

∂x̄

)
ȳ=�S(x̄)

(38)

Cf = 2τw

ρU2∞
(39)

Substituting Eq. (38) into Eq. (39) and ignoring the sm
order terms yield the following equation

Ri−1
(

Gr

4x

)1/4

Cf

=
(

Gr

Re2
x

)−3/4

U3/2
w

(
1+ S′2)∂u

∂y

∣∣∣
y=0

(40)

3. Numerical method

The governing differential Eqs. (21)–(23), combined w
the appropriate boundary conditions (24), have been so
by using the spline alternating-direction implicit meth
[17], an improved version of the cubic spline collocati
method [18]. Using the false transient technique, we
write Eqs. (21)–(23) in the following form

ϕn+1
i,j = Fi,j + Gi,jm

n+1
i,j + Si,jM

n+1
i,j (41)

wherei andj refer to the computational nodes,n is the time
step,ϕ representsu or θ , andm and M are the first and
the second derivatives ofϕ with respect toy, respectively.
Fi,j ,Gi,j and Si,j are the known coefficients evaluated
the previous time step, as shown in the following.

As ϕ representsu

Fi,j : un
i,j + 
τ

[
−2xun+1

i,j

(
∂u

∂x

)n+1

i,j

− 2x
((

un+1
i,j

)2 − 1
)( S′S′′

1+ S′2 + U ′
w

Uw

)
+ 2x

U2
w(1+ S′2)

Ri
(
sinφ + 2S′2 cosφ

)
θn+1
i,j

+ 2x

Uw(1+ S′2)
Mn

(
1− un+1

i,j

) + 2x1/2

U
5/2
w (1+ S′2)

× Ri√
Re

cosφ

[(
1− x

U ′
w

Uw

)( ∞∫
y

θn+1
i,j dy + yθn+1

i,j

)

+ 2x

∞∫ (
∂θ

)n+1

dy

]]
(42)
y
∂x i,j
Gi,j : −
τ

[
vn+1
i,j − yun+1

i,j

(
1− x

U ′
w

Uw

)]
(43)

Si,j : 
τ
(
1+ S′2) (44)

As ϕ representsθ

Fi,j : θn
i,j + 
τ

[
−2xun+1

i,j

(
∂θ

∂x

)n+1

i,j

]
(45)

Gi,j : −
τ

[
vn+1
i,j − yun+1

i,j

(
1− x

U ′
w

Uw

)]
(46)

Si,j :

τ

Pr

(
1+ S′2) (47)

by using cubic spline collocation relations described in [1
Eq. (41) may be written in tridiagonal form as

Ai,jΩ
n+1
i,j + Bi,jΩ

n+1
i,j + Ci,jΩ

n+1
i,j = Di,j (48)

whereΩ representsu or θ , or its first and second deriv
atives. The Thomas algorithm is then employed to so
Eq. (48).

Since the singularity atx = 0 has been removed by th
scaling, the computation starts fromx = 0, and then marche
downstream. At everyx-station, the iteration process conti
ues until the convergence criterion is achieved∣∣∣∣Ωn+1

i,j − Ωn
i,j

Ωn+1
i,j

∣∣∣∣ � 1× 10−5 (49)

Table 1
The local heat transfer rate(2/Rēx)1/2Nux̄ and the local skin-friction coef
ficient (2Rēx)1/2Cf : (a) for different grids; (b) for different Prandtl num
bers

(2/Rēx)1/2Nux̄ (2Rēx)1/2Cf

(a) Present solutions forRi= 100,Ri/Re1/2 = 10,Pr = 6.93,α = 0.2,
Mn = 1, φ = 60◦, x ∈ [0,4], y ∈ [0,7]

x = 0.2 x = 4 x = 0.2 x = 4

300× 20 2.44110 4.02601 22.48473 124.198
300× 50 2.43961 3.96990 22.32297 119.756
300× 100 2.43968 3.98526 22.30522 119.576
200× 50 2.43952 3.97021 22.28112 118.952
100× 50 2.45129 3.99603 22.25373 117.626
50× 50 2.48732 3.99409 21.96970 104.525
200× 50a 2.44075 4.14664 22.33547 120.7125
200× 50b 2.44182 3.96830 25.87353 119.7194

(b) Present solutions forGr/Re5/2 = 5, α = Mn = φ = 0, grid size is
200× 50c

x = 0.36 x = 4 x = 0.36 x = 4

Pr = 0.70 0.67795 0.83401 5.86468 11.57735
(0.67627) (0.83056) (5.83583) (11.4316

Pr = 7.00 2.88922 5.30618 1.25847 1.51646
(2.87849) (5.28436) (1.25907) (1.51674

a Uniform grid (y direction).
b Uniform grid (x direction).

c The values in parenthesis are obtained by Ramachandram et al. [3].
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Fig. 1. Physical model and grid system.

4. Results and discussion

Since the spline alternating-direction implicit method c
evaluate the spatial derivative terms directly without a
finite difference discretization, the gradient boundary c
ditions may be represented more accurately and the irr
lar boundaries are easier to deal with. An accuracy tes
grid fineness is made for the grids of 300× 20, 300× 50,
300× 100, 200× 50, 100× 50, 50× 50. Results are show
in Table 1(a). The differences between the results for g
of 200× 50 and of 300× 100 are less than 0.2% in th
local Nusselt number and in the skin-friction coefficient
Ri = 100, Ri/Re1/2 = 10, Pr = 6.93, α = 0.2, Mn = 1,
φ = 60◦, x ∈ [0,4] , y ∈ [0,7]. Therefore, as shown in Fig. 1
the present work employs 200× 50 nonuniform grids with
smaller spacing mesh points near the fluid-solid bounda
y direction and near the leading edge atx direction. In order
to verify the accuracy of the solution, numerical results
obtained for the mixed convection over the horizontal
plate (i.e.,α = 0) for Pr = 0.7 andPr = 7.0. As shown in
Table 1(b), the skin-friction coefficient and the local Nuss
number calculated are found to be in good agreement
results obtained from Ramachandram et al. [3].

In order to determine the surface velocityUw in Eqs. (21)–
(23), the stream function in Eq. (28) is calculated by us
the SOR method. The streamline forα = 0.2 and the ax-
ial distributions of the inviscid surface velocityUw(x) are
shown in Figs. 2 and 3, respectively. By comparing
results of numerical method and Eq. (25), it will be o
served that the two inviscid surface velocitiesUw(x) match
closely forα = 0.1 but have some obvious discrepancies
α = 0.2. This is because that the inviscid velocity obtain
in Eq. (25) is valid only for small values of the amplitud

wavelength ratio. However, the inviscid surface velocity
Fig. 2. Streamlines of flow forα = 0.2.

Fig. 3. Inviscid surface velocity distribution.

shows a variation periodically along the wavy surface w
a cycle equals to that of the surface. The flow acceler
along the portion of the surface from trough to crest, wh
the slopeS′ is positive; while it decelerates along the po
tion of the surface from crest to trough, where the slopeS′ is
negative. Moreover, the amplitude of inviscid surface
locity tends to increase as the amplitude-wavelength r
increases.

(a) The influence of the inclined angle and
the Prandtl number

Figs. 4–6 show the axial distribution of the local sk
fiction coefficient Ri−1(Gr/4x)1/4Cf , the local Nussel
number (4/Grx̄ )1/4Nux̄ and the average Nusselt numb
(4/Grx̄ )1/4Num for α = 0.2, Ri = 500,Ri/Re1/2 = 10 and
Mn = 0, including results for the limiting case of a flat pla
(α → 0) for comparison. As shown in Fig. 4, the curv
for vertical wavy plate show the presence of two harm
ics, which have a frequency twice that of the wavy surfa
The first harmonic is due to the pressure gradient param
which involvesUw and its derivative; the second harmonic
due to the centrifugal, buoyancy, and diffusion terms, wh
involve S′2 andS′S′′. As the inclined angle decreases, t
second harmonic becomes inconspicuous. This may be
plained as follows. Though the effect of the buoyancy te

Ri/Re1/2 increases as cosφ when the wavy plate is inclined
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Fig. 4. Axial distribution ofRi−1(Gr/4x)1/4Cf for different inclined an-

gles and Prandtl numbers atα = 0.2,Ri= 500,Ri/Re1/2 = 10 andMn = 0.

Fig. 5. Axial distribution of(4/Grx̄ )1/4Nux̄ for different inclined angles
and Prandtl numbers atα = 0.2, Ri= 500,Ri/Re1/2 = 10 andMn = 0.

from the horizontal, the effect of the Richardson num
(i.e.,Ri) decreases as sinφ in Eq. (22). It should note that th
buoyancy termRi is larger than the buoyancy termRi/Re1/2

for a boundary layer flow. Therefore, asφ decreases, the tota
buoyancy force effect diminishes and the second harm
cannot be found clearly.

In previous study, the quantity(4/Grx̄ )1/4Nux̄ is a con-
stant for free convection along a flat plate. In case of mi
convection boundary layer flow along a flat plate, as sho
in Fig. 5, forced convection is the dominant mode of h
transfer near the leading edge, while further downstre
free convection becomes the dominant mode of heat tran
Hence, the curve of(4/Grx̄ )1/4Nux̄ versusx for the flat plate
approaches a constant value far downstream of the lea
edge. In the other hand, the curves for wavy surfaces ex

the same periodic behavior as in Fig. 4. However, the mean
.

Fig. 6. Axial distribution of(4/Grx̄ )1/4Num for different inclined angles
and Prandtl numbers atα = 0.2, Ri= 500,Ri/Re1/2 = 10 andMn = 0.

variation of(4/Grx̄ )1/4Nux̄ with x is nearly constant, excep
near the leading edge.

As shown in Eq. (37), the average Nusselt number m
be obtained by averaging the heat flux over the wavy sur
from the leading edge of the wavy surface toσ(x). Besides,
the heat transfer area is based on the total area of each
and not on projected area. From the standpoint of the ave
Nusselt number as shown in Fig. 6, it appears that the hig
average Nusselt numbers belong to the first wave and th
erage Nusselt numbers stay uniform downstream of the
wave. The values of(4/Grx̄ )1/4Num for wavy plate show the
same periodic behavior as the local Nusselt numbers an
uniformly larger than that of the corresponding flat plate,
cept near the leading edge of the wavy plate. This outc
is due to that although the(4/Grx̄ )1/4Nux̄ of the wavy plate
is almost everywhere smaller than that of the flat plate
Fig. 5, the wavy plate has larger heat transfer area to r
the average heat transfer rate. In addition, an increase i
gle of inclination tends to increase the mean heat tran
rate. For the vertical plate, the buoyancy force is everywh
parallel to the surface. The component of the buoyancy fo
tangential to the inclined surface is less than the whole bu
ancy force. Hence, the mean heat transfer rate for an inc
wavy plate is less than that for a vertical plate with eq
wavy amplitude-wavelength ratio.

In Figs. 4–6, it is also seen that for the given values
α, φ, Ri, Ri/Re1/2 and Mn, a higher Prandtl number re
sults in a smaller skin-friction coefficient. This outcome
due to that the lower density exhibits a greater sensitivit
the buoyancy force effect, thus causes a larger change i
velocity gradients at the wall (see Fig. 7) and increases
skin-friction coefficient. On the other hand, the local and
erage Nusselt numbers forPr = 6.93 are larger than that fo
Pr = 1.0. This is because as the Prandtl number increa
the thermal boundary layer thickness decreases and the

face temperature gradient increases (see Fig. 8) which results



584 C.-C. Wang, C.-K. Chen / International Journal of Thermal Sciences 44 (2005) 577–586

m-

ndtl

her-
nds

Nus
tion

nt,
avy

f
from
co-
ed

the
co-
r the

the
f the
y be
(i.e.,
s
-
r a
ax-

he
or a
dge
Fig. 7. Axial velocity profiles for different inclined angles and Prandtl nu
bers atx = 1.75,α = 0.2, Ri= 500,Ri/Re1/2 = 10 andMn = 0.

Fig. 8. Temperature distribution for different inclined angles and Pra
numbers atx = 1.75,α = 0.2, Ri= 500,Ri/Re1/2 = 10 andMn = 0.

in a higher rate of heat transfer from the surface. Furt
more, an increase in Prandtl number for the wavy plate te
to increase the amplitudes of the local and the average
selt numbers but slightly decreases that of the skin-fric
coefficient.

(b) The influence of the magnetic field strength

Figs. 9–11 show variations of the skin-friction coefficie
the local and the average Nusselt numbers along the w
surface for smaller inclined angle whenα = 0.01, Ri = 50,
Ri/Re1/2 = 5 andPr = 6.9. It is seen that the influence o
buoyancy increases when the inclined angle increases
horizontal, thereby causing increases in the skin-friction
efficient and the Nusselt number. Moreover, the inclin

angle tends to increase the amplitude of the skin-friction co-
-

Fig. 9. Axial distribution ofRi−1(Gr/4x)1/4Cf for different magnetic field

strengths atα = 0.01,Ri= 50,Ri/Re1/2 = 5 andPr = 6.9.

Fig. 10. Axial distribution of(4/Grx̄ )1/4Nux̄ for different magnetic field
strengths atα = 0.01,Ri= 50,Ri/Re1/2 = 5 andPr = 6.9.

efficient but decrease that of the Nusselt number. When
wavy plate imposed on a magnetic field, the skin-friction
efficient and the Nusselt number increase everywhere fo
horizontal plate (i.e.,φ = 0). It should be noted that asφ
increases to 10 or 20, the skin-friction coefficient and
Nusselt number also increase near the leading edge o
plate but decrease further downstream. This result ma
expanded in Eqs. (17) and (22), the magnetic parameter
Mn) causes a thrust when axial velocityu < 1 and cause
a resistance when axial velocityu > 1. Thereby, the skin
friction coefficient and the Nusselt number increase fo
small inclined angle or near the leading edge (where the
ial velocity u � 1), since here the forced convection is t
dominant mode of heat transfer. On the other hand, f
larger inclined angle or far downstream of the leading e

(where the maximum axial velocityumax � 1), because of
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Fig. 11. Axial distribution of(4/Grx̄ )1/4Num for different magnetic field
strengths atα = 0.01,Gr/Re2 = 50,Gr/Re5/2 = 5 andPr = 6.9.

Fig. 12. Axial distribution ofRi−1(Gr/4x)1/4Cf for different values of

Ri/Re1/2 atα = 0.1, Ri= 100,Mn = 0 andPr = 6.93.

the free convection becomes the dominant mode the s
friction coefficient and the Nusselt number decrease as
posed on a magnetic field.

(c) The influence of the buoyancy parameter
(Ri/Re1/2 and Ri)

The axial distributions of Ri−1(Gr/4x)1/4Cf and
(4/Grx̄ )1/4Nux are plotted in Figs. 12 and 13 withα = 0.1,
Ri= 100,Mn = 0 andPr = 6.93. It is seen that the curves
φ = 30◦, 45◦ and 60◦ show a frequency equal to that of th
wavy surface. The crests and troughs ofRi−1(Gr/4x)1/4Cf

and (4/Grx̄ )1/4Nux occur near the crests and troughs
the wavy surface, where the inviscid free stream velo
is the maximum and minimum, which are shifted sligh

upstream of the crests and troughs of the wavy surface by
Fig. 13. Axial distribution of (4/Grx̄ )1/4Nux for different values of
Ri/Re1/2 atα = 0.1, Ri= 100,Mn = 0 andPr = 6.93.

Fig. 14. Axial distribution ofRi−1(Gr/4x)1/4Cf for different Richardson
numbers atα = 0.02,Re= 1000,φ = 30◦, Mn = 1 andPr = 6.93.

the buoyancy effect. Furthermore, an increase in the
clined angle tends to increase the values on the trough
Ri−1(Gr/4x)1/4Cf and(4/Grx̄ )1/4Nux . This indicated tha
the buoyancy force is seen to have a larger influence on
troughs of the wavy surface for different inclined angle.
seen more clearly in Figs. 12 and 13, for different buoya
parametersRi/Re1/2, the quantities ofRi−1(Gr/4x)1/4Cf

and (4/Grx̄ )1/4Nux have larger changes along the porti
of the surface from crest to trough, where the slopeS′
and U ′

w are negative. This result is due to the nega
values decrease the effect ofRi but increase the effect o
Ri/Re1/2. However, for larger inclined angle (e.g.,φ = 60◦),
the influence ofRi/Re1/2 becomes inconspicuous since t
buoyancy parameterRisinφ is much larger than anothe

Ri/Re1/2 cosφ.
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Fig. 15. Axial distribution of(4/Grx̄ )1/4Nux for different Richardson num
bers atα = 0.02,Re= 1000,φ = 30◦, Mn = 1 andPr = 6.93.

Figs. 14 and 15 also show variations of skin-friction c
efficient and local Nusselt number along the wavy surf
for different Richardson numbers. Clearly, for mixed co
vection, the skin-friction coefficient and the surface h
transfer rate will increase when the buoyancy force as
the forced flow (i.e.,Ri > 0) and will decrease when it op
poses the forced flow (i.e.Ri < 0). When the Richardso
number decreases from 1 to−1.5, the amplitude of skin
friction coefficient tends to decrease. Moreover, compa
the wavy surface with the flat plate, the wavy surface
a smaller skin-friction coefficient in each furrow. This ou
come predicts that the boundary layer will early sepa
(i.e., Cf < 0) from the furrows of wavy surface when th
Richardson number decreases.

5. Conclusions

Mixed convection of boundary layer fluid along i
clined wavy surfaces in the presence of a magnetic fi
has been analyzed by the Prandtl transformation me
and the spline alternating-direction implicit method. Effe
of the magnetic field parameter, the wavy geometry (
the amplitude-wavelength ratio and the inclined angle),
buoyancy parameters (i.e., the Richardson number and
Ri/Re1/2) and the Prandtl number on the skin-friction a
on Nusselt number have been studied.

The effects of buoyancy increase with the Richard
number, the inclined angle and the amplitude-wavelen
ratio, thereby causing increases in the average skin-
tion coefficient and the average Nusselt number at the w
wall. The larger buoyancy will make the skin-friction c
efficient and the Nusselt number show the presence o
second harmonic for a wavy plate. Forced convection do
nates the first harmonic at the smaller inclined angle or n
the leading edge, while free convection dominates the
ond harmonic as the inclined angle increases or the
moves downstream. The influence of the buoyancy para
ter Ri/Re1/2 is obvious for the smaller inclined angle (e.
horizontal wavy plate) and for the portion of the wavy s
face from crest to trough. Moreover, the higher Prandtl nu
ber makes the skin-friction coefficient decrease and the N
selt number increase. The magnetic field tends to incr
the heat transfer rate when the buoyancy force is unapp
(e.g., smaller Richardson number; small inclined angle; n
the leading edge of the plate). However, the heat transfer
of the wavy plate is larger than that of the flat plate beca
of the larger heat transfer area. This fact may be helpfu
choosing a proper heat transfer device for a given prac
application.
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